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DECOMPOSITION OF NONNEGATTVE

GROUP-MONOTONE MATRICES

BY

S. K. JAIN,1 EDWARD K. KWAK AND V. K. GOEL

Abstract. A decomposition of nonnegative matrices with nonnegative group

inverses has been obtained. This decomposition provides a new approach to the

solution of problems relating to nonnegative matrices with nonnegative group

inverses. As a consequence, a number of results are derived. Our results, among

other things, answer a question of Berman, extend the theorems of Berman and

Plemmons, DeMarr and Flor.

1. Introduction. Let A be an m X n real matrix. Consider the equations: (1)

AXA = A, (2) XAX = X, (3) (AX)T = AX, (4) (XA)T = XA, and (5) AX = XA

where X is an n X m real matrix and T denotes the transpose. For a rectangular

matrix A and for a nonempty subset A of {1, 2, 3, 4, 5}, X is called a À-inverse of A

if X satisfies equations (i) for each i G À. In particular, the {1, 2, 3, 4}-inverse of A

is the unique Moore-Penrose generalized inverse and is denoted by A*. A {1, 2}-in-

verse of A which satisfies (5) is necessarily square and is called a group inverse. The

group inverse of a matrix A, if it exists, is unique and is denoted by As.

A matrix A is called group-monotone if A* exists and is nonnegative. A matrix

A = (a¡j) is called O-symmetric if atJ = 0 implies a,, = 0. Thus every symmetric

matrix and every positive matrix is O-symmetric. A is called range-Hermitian (also

called EPr) if the range of A is equal to the range of A T, i.e., R(A) = R(A T). A is

range-Hermitian if and only if A A* = A*A and so A* = A*. An m X n matrix

A = {a(j) is called row (or column) stochastic if atj > 0 and 2"_i atj■. — 1, 1 < /' < n

(or S"_! a¡j = 1, I < j < n). If a matrix A is a direct sum of matrices S¡, then S¡

will be called summands of A. A nonzero matrix A is called a zero divisor if

AB = 0 or BA = 0 for some nonzero matrix B. For all other terminology the

reader is referred to Ben-Israel and Greville [1].

Theorem 1 of this paper characterizes all nonnegative matrices A which have

nonnegative group inverses; equivalently, ,4(1,2) = p(A) > 0, where p(A) is a poly-

nomial in A with scalar coefficients. This theorem generalizes the known results for

nonnegative matrices A whose A* is A [2] or, more generally, A^ is some poly-

nomial in A [7]. The solution to the problem raised by Berman of the characteriza-

tion of all nonnegative matrices which are equal to a {1}- or {1, 2}-inverse of

themselves also comes as a special case of Theorem 1. As a consequence of

Theorem 1, we show (Corollary 2) that if A is a nonnegative matrix with Am = A,

m > 2, then A = Ax + A2 + ■ ■ ■ +Ak, where A¡ > 0; A¡" = A¡; A¡Aj = 0, i ¥=f;
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d¡ = rank A¡, d¡\m — 1. This generalizes the theorem of DeMarr [5] for nonnegative

idempotent matrices. Corollary 3 (Corollary 4) of Theorem 2 shows that for a

nonnegative range-Hermitian (row stochastic) matrix A with A* > 0, A* = A* =

HAm = AmH (A* = A* = Am) where H is a diagonal matrix with all entries

positive. Theorem 4 characterizes all nonnegative rank factorizations of nonnega-

tive group-monotone matrices. Theorems of Berman and Plemmons [3, Theorem 2

and Theorem 3] are also consequences of the characterizations obtained in Theo-

rem 4. Our results, among others, depend on the following theorems proved in [6]

and [7].

Theorem A ([6, Theorem 2]). If E is a nonnegative idempotent matrix of rank r

with no row or column completely zero. Then there exists a permutation matrix P such

that

PEPT =

x\y\ o

0 xryj

where x¡,y¡ are positive vectors with y,Tx¡ = 1. In particular, E is O-symmetric.

Theorem B ([7, Remark 3]). Let A be a nonnegative matrix andp(A) = axAm>

+ • • • + akAm", a, ¥= 0, m¡ > 0, such thatp(A) > 0, Ap(A) is O-symmetric, Ap(A)A

= A, and rank A = rank/>(/!). Then there exists a permutation matrix P such that

PAPT is a direct sum of matrices of the following three types {not necessarily all)

(I) ßxy T, where x and y are positive vectors with yTx = 1, and ß is some positive

number satisfying 2^ aißm,+x = 1:

(II)

0

0

ßX2xxyi 0

o       ß23x2y[

o

o

o o

o

o

o
ßd-\dxd-\yJ

o

where x¡ and y¡ are positive vectors of the same order with y¡Tx¡ = 1, x¡ and xJt i i^j,

are not necessarily of the same order, and ßX2, ß23, . . . , ßdx are arbitrary positive

numbers with d > 1 and d\mi + 1 for some m¡ such that the product ßX2ß23 • ■ • ßd\ 's

a common root of the following system of at most d equations in t:

2     a/"*+1>/'- 1,
rf|(m, + l)

2        a/m< + 1-*>/</ = 0,        k<E{l,...,d-l],
d\(m¡+l-k)
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where the summation in each of the above equations runs over all those m¡ for which

d\(m¡ + 1 — k), k = 0,1, . . ., d — 1, with the convention that if there is no m¡ for

which d\(m¡ + 1 — k), k & {\, . . ., d — 1}, then the corresponding equation is ab-

sent.

(Ill) A zero matrix.

In particular, if all a¡ > 0 then ß in type (I) and the product ßX2ß23 ■ . ■ ßdX in type

(II) are unique. Further, in this case the positive integer d, i.e. the rank of a matrix of

type (II), must divide each m¡ + 1.

The concept of 0-symmetry has played a crucial role in the development of this

paper.

2. Main results. Let A be any n X n matrix. Let us group the indices / =

1, 2, 3, . . . , n into four disjoint sets according to whether the /th row and the /th

column of A are both zero, or the /th row is zero but the /th column is not, and so

on. Then by simultaneously rearranging rows and columns, we can find a permuta-

tion matrix P such that

PAP T _

K L 0 0
0 0 0 0
M N 0 0
0 0 0 0

where the diagonal blocks are square matrices such that K and L have no zero rows

in common, and K and M have no zero columns in common. It may be noted that

in certain situations some of the blocks may be absent. For example, if A is row

stochastic then

PAP
\M    0)

In view of the frequent use of the above representation of a matrix throughout this

paper, we record it in the following lemma.

Lemma 1. Let A be a square matrix. Then there exists a permutation matrix P such

that

PAPT =

K L 0 0
0 0 0 0
M N 0 0
0 0 0 0

where K and L have no zero rows in common, and K and M have no zero columns in

common.
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Theorem 1. Let A be a nonnegative matrix and /1(1,2) = p(A) > 0, where p{A) =

xAm> +

such that

axAm' + • • • + akA "\ a¡ ¥^ 0, m¡ > 0. Then there exists a permutation matrix P

PAPT =

J
0

CJ
0

JD
0

CJD
0

0 0
0 0
0 0
0 0

where C, D are some nonnegative matrices of appropriate sizes and J is a direct sum

of matrices of the following types {not necessarily both):

(I) ßxy T, where x and y are positive vectors with y Tx = 1 and ß is a positive root

of   '

2 «,/^ + 1 = 1.
m,

(6)

(II)

0

0

ßnX\yI

0

0

P23-x:2^'3

0

0

0

0

0

ßd\*dyJ

o

o

o

o

o

o
ßd-\dxd-iyJ

o

where x¡ andy¡ are positive vectors of the same order with yfx¡ = 1; x¡ and Xj, i J*jt

are not necessarily of the same order; and ßX2, . . . , ßdx are arbitrary positive numbers

with d > 1 and d\m¡ + 1 for some m¡ such that the product ßx2ß23 • • • An is a

common root of the following system of at most d equations in t
Jd\

2    «**<■*+«/'-i,

2 a/m'+l-k^d = 0,        k

d\(m,+ l-k)
{1,2,..., d- 1},

(7)

(8)

where the summation in each of the above equations runs over all those m¡ for which

d\(m¡ + 1 — k), k = 0, 1,2, . . . , d — 1, with the convention that if there is no m¡for

which d\(m¡ + 1 — k), k El {\, . . . , d — 1), then the corresponding equation is ab-

sent.

In particular, if all a, > 0 then ß in type (I) and the product ßx2ß23 ■ • • ßdX in type

(II) are unique. Further, in this case the positive integer d, i.e. the rank of a matrix of

type (II), must divide each m¡ + 1.

Conversely, if for some permutation matrix P

PAPT =

J JD 0 0
0        0 0 0
CJ CJD 0 0
0        0 0 0
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where C, D are arbitrary nonnegative matrices of appropriate sizes and J is a direct

sum of matrices of the following types (not necessarily both):

(I') ßxyT, ß > 0, x,y are positive vectors withyTx = 1.

(IF)

0

0

ßnx\ yl

o

o

ß23x2y3

0

0

0

0

0

0

0

0

0

0

*d-\dxd-\yd

0

0

ßd\xdyl

where ßtJ > 0, x¡ and v, are positive vectors with y¡Tx¡ = 1, then /4(1,2) > 0 and is

equal to some polynomial in A with scalar coefficients.

Proof. By Lemma 1, there exists a permutation matrix Px such that

PXAP¡ =

K
0
M
0

L
0
N
0

0
0
0
0

where K, L, M, and N are nonnegative matrices such that K and L have no zero

rows in common, and K and M have no zero columns in common. Since

A(X'2) = p(A), we have A*p{A) = A and A(p(A))2 = p(A). From A^A) = A we

obtain K^K) = K, Kp(K)L = L, MKp(K) = M, and Mp(K)L = N. Hence

Kp(K) is a nonnegative idempotent matrix. Since Kp{K)K = K and Kp(K)L = L

have no zero rows in common, Kp{K) cannot have a zero row. Similarly, no

column of Kp(K) is zero. Thus by Theorem A, Kp(K) is O-symmetric. Similarly,

from A(p(A))2 = p(A), we obtain K(p(K))2 = p(K), which, together with K^K)

= K, gives rank K = rank/j(Af). But then by Theorem B, there exists a permuta-

tion matrix P2 such that P2KP2 is a direct sum of matrices of types (I) or (II) (not

necessarily both). Set

-(? >■

where the block matrices are of suitable orders. Then PAPT is of the desired form.

The converse is trivial.

Corollary 1. Let A be a nonnegative matrix of rank r and let A(X,1> = p(A) > 0,

p(A) = axAm' + ■ ■ ■ +akAmi; a, ¥= 0, m, > 0. Then A - Ax + A2 + ■ ■ ■ +Ak,

where At > 0; A¡Aj = 0, / ¥=f; A?'2) = p'A¡); rank .4, = d¡, 2*_, d¡ = r, and d¡

divides some mj + 1.

Proof. By Theorem 1, there exists a permutation matrix P such that

PAP T _

J JD 0 0
0        0 0 0

CJ CJD 0 0
0        0 0 0
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where J is a direct sum of the matrices of the types (I) or (II) (not necessarily both)

and C, D are nonnegative matrices of appropriate orders. Thus

J =

St 0

s.

0 s

where S/s are of the types (I) or (II) and rank S¡ = d¡. Set

0 0

J =
0

s.

0

Then A = 2*_, A¡, where

_   pTA, = P 0

CJt
0

JtD
0

CJ,D

0

0

0
0

0

p.

It can be easily verified that A¡ > 0; A¡Aj = 0, i ¥=f; Aj1'2^ = p(At); rank A¡ = d¡,

2Í_i d¡ = r, and d¡ divides some m- + 1.

The corollary which follows generalizes DeMarr's theorem for nonnegative

idempotent matrices [5].

Corollary 2. Let A be a nonnegative matrix of rank r and let A = A m, where

m > 2 is a positive integer. Then A = Ax + A2 + ■ • ■ +Ak, where A¡ > 0; A¡Aj =

0, / *f; A¡" = A¡; rank A¡ = d¡, d¡\m - 1, 2*_, d¡ = r.

Proof. Follows from Corollary 1.

Remark 1. Theorem 1 provides a complete solution, in a more general case, to

the problem raised by Berman of characterization of the class of nonnegative

matrices A with {l}-inverse or (1, 2)-inverse equal to A itself [2, Remark 5].

Henceforth by matrices of types (I) or (II), we will mean the matrices of types (I)

or (II) described in Theorem 1.

Theorem 2. Let A be a nonnegative matrix having a nonnegative group inverse As.

Then A* = KxAm = AmK2, where

Kx = P1

K
0

CK
0

0
0
0
0

0
0
0
0

0
0
0
0,

P,   K2 = PT

K
0
0
0

KD
0
0
0

0
0
0
0

p,
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P is a permutation matrix, K is a diagonal matrix with positive diagonal entries, C, D

are some nonnegative matrices of appropriate sizes, and m is a positive integer.

Indeed, we may also choose

Kx = K2= P1

K KD 0 0
0 0 0 0

CK CKD 0 0
0 0 0 0

Proof. By Theorem 1 there exists a permutation matrix P such that

PAPT =

J JD 0 0
0 0 0 0

CJ CJD 0 0
0 0 0 0

where C, D are some nonnegative matrices of appropriate sizes and J is a direct

sum of matrices of types (I) or (II) (not necessarily both). We note that if S is a

summand of type (I) then 5(1,2) = ß~xxyT = ß~2S = • • • = ß-k~xSk, for any

positive integer k. We show that if S is a summand of type (II) then S(1,2) =

(ßX2ß23 • • • ßdX)~kSkd~x for any positive integer k. A straightforward verification

shows that

5(1,2) =

ßi.

Also

-x2yx
!

0

0

wi
-"23

0

0 0

= {ßnß23--ßdx)'lSd-x.

A
■XJfé-l

d-ld

1

ß,■dl
xiyd

o

o

skd = (ßi2ß23---ßdi)

xxyí-n

0 xdyj

for any positive integer k. Thus S(1'2) = (ßx2ß23 • • • ßdX)~kSkd~x as asserted. Now

if Sxx, Sx2, . . ., SXr are summands of type (I) and S2X, S22, . . . , S^ are summands

of type (II) of ranks d2X, . . . , d^ respectively, then
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e(i.2)¿11

y(1.2)
SU»

°21

auI

0

Su

0

Su

0

aixI

aXrI

a2xI

Sir

«,J

a2iI

s£-2)

a^I

(d2ld22 ■ ■ ■ ¿2;)

(¿1\&U ■   ■  ■  rfli)— 1

"2s1

where a¡I are scalar matrices of appropriate sizes, a,y > 0. Thus J(X,2) = KJm

JmK, where
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K =

axxI

Thus

aXrI

a2xI

a^I

= (¿2, ■■■d2s)-\.

pA(l,2) pT =

KJm KJmD 0 0

0 0 0 0
CKJm CKJmD 0 0

0 0 0 0

K 0 0 0
0 0 0 0

CK 0 0 0
0 0 0 0

Jm JmD 0 0

0 0 0 0
CJm CJmD 0 0

0 0 0 0

Jm JmD 0 0

0 0 0 0
CJm CJmD 0 0

0 0 0 0

K KD 0 0
0 0 0 0
0 0 0 0
0 0 0 0

Hence

a™-p*

K 0 0 0
0 0 0 0

CAT 0 0 0
0 0 0 0

PAm=^AmP1

K KD 0 0
0 0 0 0
0 0 0 0
0 0 0 0

Corollary 3. Under the hypothesis of Theorem 2, if A is also range-Hermitian,

that is, A* = Af, then A* = A$ = HAm - AmH where H is a diagonal matrix with

positive diagonal entries and m is a positive integer.

Proof. Let .4 be range-Hermitian. Then^ = A*. By Theorem 1,

PAPT =

J JD 0 0
0 0 0 0

CJ CJD 0 0
0        0 0 0

where J is a direct sum of matrices of types (I) or (II). But then by using A* = A*,

we obtain that C and D must be zero. Thus

PAP
\0    0)
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and

a$ = pt(k oyAm = AmpT^K oy

= pt(K 0\(Jm    0\p=pTlJm    0\(K

\o o)\ 00/ V o    oAo

-'If Xo"  IV-'í'o'  u)(o
= pT(o I)PAm = AmpT(o   j)p

= HAm = AmH,

where H is a diagonal matrix with positive diagonal entries.

Before we prove Corollary 4 we record below a simple fact which we state

without proof.

Sublemma. If ßxy T is a row (or column) stochastic matrix where ß > 0 and x, y

are positive vectors such that yTx = 1 then ß = 1.

Corollary A. If A is an n X n nonnegative row (or column) stochastic matrix

such that y4(1'2) = p(A) > 0, p(A) is a polynomial in A with scalar coefficients, then

j4(1,2) = Am for some positive integer m and A^x,2) is row (or column) stochastic.

Proof. For definiteness, let us assume that A is row stochastic. By appropriate

application of Lemma 1 and Theorem 1, we can find a permutation matrix P such

that

PAP1
\cj   or

where J is a direct sum of matrices of types (I) or (II) (not necessarily both). We

note that if S is a summand of type (I) then by sublemma ß = 1 and so

£0,2) = XyT _ £ Next, let S be a summand of type (II). Then S is a stochastic

matrix and

S =

0

0

ßi2x\yl

o

0

ß23x2y3

0

0

0

0

0

ßdixdy[

o

o

o

o

o

o

rv  _

ßd-\dxd-iyJ

o

where ß{j > 0 and x¡, v, are positive vectors with y¡x¡ = 1. A straightforward

verification shows that S(X'2) = (ßx2ß23- ■ ■ ßdx)~xSä~x and Sd~x is a row

stochastic matrix. Thus again by the sublemma we get (ßx2ß23 • • • ßdX) = 1. Then

as in the proof of Theorem 2, we get /(1,2) = Jm, and hence

A™ = PT(Jm        0)p = AI

\CJm    0/



NONNEGATIVE GROUP-MONOTONE MATRICES 381

Theorem 3. Every nonnegative rank factorization of nonnegative matrices J which

are direct sum of matrices of types (Y) or (IF) (not necessarily both) is of the form

J = (FQ)(QTG), where Q is a permutation matrix, F and G are respectively the

direct sum of matrices of the form (1) or (2) and (Y) or (2'):

d)ß'x,

(2)

-r

0 yxxx     0 0

0 0 y2x2 0

0 0       0 • •

ydxd 0       0 • • •

0

0

0

0

yd-\xd-

o

and

(2')

Yi-Vi

Ï2.V2

y',?!

such that ß' > 0, ß" > 0, y¡ > 0, y'¡ > 0, x, y, x¡, y¡ are positive vectors with

yTx = 1 andyfx¡ = 1. Moreover, Js = p(J) wherep(i) = 2?_i a,/"*, a, ¥= 0, m¡ >

0, is some polynomial in t, ß'ß" is a root of equation (6), and the product

Y1Y2 ' ' ' ~fd~t'ii'2 ' ' ' Id 's a common root of the system of at most d equations (7) and

(8). // m understood that in forming the product (FQ)(QTG) if F has a summand of

type (I) or (2) in the it h place of its direct sum then G has a corresponding summand

of type (Y) or (2') at the same ith place.

Also, for each nonnegative rank factorization J = FG of J, (GF)~X = p(GF).

Proof. Let S = ßxy T with v Tx = 1 be a summand of J of type (F). Clearly, the

only possible nonnegative rank factorization of S is S = FG, F = ß'x, G = ß"yT

with ß'ß" = ß. This gives GF = ßyTx = ß. By equation (6), it then follows that

(GF)~X = p(GF).
Next let

S =

0

0

ßu*iyl      o
0       ß2%x2yi

o

o

o

o

ßdixdy'i

o

o

o

o

o

o
ßd-idxd-iyJ

o
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be a summand of J of type (IF) of rank d. Let S = FG be a nonnegative rank

factorization of S. Partition F = (Fv) and G = (Gy) into matrix blocks such that

for all ij,k, F¡jGJk is defined and is of the same order as that of the (/, k)th block

entry in S. Since F is of full column rank, no column of F is zero. Also no row of F

can be zero. For otherwise, S = FG shall have a zero row which is not true.

Similarly, no row or column of G is zero. Since no column of F is zero, for each j

there exists an / (depending on j) such that Fy ¥= 0. But then GJk = 0 for all

k ^ i + 1. Thus each row of the partitioned matrix G has at most one (and hence

exactly one) nonzero entry. Clearly, then each column of G has also exactly one

nonzero entry. The same reason yields that the partitioned matrix F has exactly

one nonzero entry in each row and in each column. This implies there exists a

permutation a G Sd such that F„ = 0, for all j ¥= a(i), G^^ = 0, for all k ¥= i + 1

and Fio(i)G„(,y+i = Ä.,+1^,+1- But then the only solutions for Fia(i) and G^+i

are given by Fm = y,x, and Go(,v+1 = y/v,*, where y,.y/ = /?,.,.+ ,. It is now clear

that J = (FQ)(QTG) where Fand G are, respectively, the direct sum of matrices of

the form (1) or (2) and (Y) or (2') and Q is some permutation matrix. For summand

of J of type (F) we have already shown that (GF)~X = p(GF). We now show the

same for summand of type (IF). It is sufficient to prove the result for S = FG

where

F =

and

Then

G F =

and (GF)d = (y,y2 • • • y</y',y2 • • • y'd)I.

From equations (7) and (8), it follows that (y^ • • ■ Y^yiyi ' ' ' Yd)1/d is a root

of   2*_, a,./m'+1    =  1.   Thus   2*_, a¡(GF)m'+x    =  /,   since   (GF)d =

(Y1Y2 • • • YdYÍYi ' - - y'd)1- Hence (GF)p(GF) = /, completing the proof.

The next theorem describes all nonnegative rank factorizations of a nonnegative

matrix with a nonnegative group inverse.
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Theorem 4. (a) Let A > 0 and P be a permutation matrix such that

PAP T _

J JD 0 0
0        0 0 0

CJ CJD 0 0
0        0 0 0

/ is a direct sum of matrices of types (Y) or (IF), C, D are some nonnegative matrices

of suitable sizes (equivalently, A > 0 and A* = p(A) > 0). Then we have the

following:

(ax) If J = FG is a nonnegative rank factorization of J then it "lifts" to a

nonnegative rank factorization

A=PT

F

0
CF
0

(G   GD   0   0)P

of A.
(a2) If A = F' G' is a nonnegative rank factorization of A then it "contracts" to a

nonnegative rank factorization J = F'XXG'XX ofJ where F'xx (G'xx) consists of first n rows

(columns) of PF' (G'PT), n being the order of the matrix J.

(a3) If o denotes the operation of "lifting" defined in (a,), and r\ denotes the

operation of "contracting" defined in (a2) then or/ = identity = tjo\ Thus there is a 1-1

correspondence between the class of nonnegative rank factorizations of J and the class

of nonnegative rank factorizations of A.

(a4) If A = F'G' and J = FG are corresponding nonnegative rank factorizations of

A and J, respectively, then GF = G'F' and (GF)~X «■ p(GF), where A9 = p(A).

(b) If A = FG is a nonnegative rank factorization of A such that (GF)~X = p(GF)

wherep(t) is some polynomial in t with scalar coefficients then A* exists, As > 0, and

A*=p(A).

Proof, (a,) Straightforward verification,

(a^ Let n be the order of J. Partition

PAPT =

J
0

CJ
0

JD 0 0
0 0 0

CJD 0 0
0 0 0

H£) and   G'PT=(G'XXG'X2)

where F'xx (G'xx) consists of first n rows (columns) of PF' (G'PT) respectively. By

comparing we get J = F'xxG'xx which is clearly nonnegative rank factorization of /.

(a3) It is obvious that if we perform the operation of lifting followed by the

operation of contracting then the composition is identity operation, i.e. r\o =

identity. On the other hand, it is not clear to us that otj is also identity, in general.

However, we can show or\ = identity under our hypothesis. Let A = F'G' be a

nonnegative rank factorization of A. By performing the operation tj we get



384 S. K. JAIN, E. K. KWAK AND V. K. GOEL

J = F'XXG'XX where F'xx and G'xx are respectively the first n rows and the first n

columns of PF' and G'PT. Then by performing o, we get

A = P'

F'u

0
CF'XX

0

(G'xx    G'XXD   0   0)P.

To prove crq = identity, we need to show

G'PT - (G(i    G'XXD   0   0).PF' =

F'u
0

CF'XX

0

(9)

Since by Theorem 3, F'xx (G'xx) is the direct sum of matrices of the form (1) or (2)

((F) or (2')) it is sufficient to prove (9) when F'xx is of the form (1) or (2) and G'xx is

of the corresponding form (F) or (2'). Partition

PF' =

F'u

F'n
F'r31

F'

G'PT = (G[x    G'x2   G'x3   G{4)

such that the size of FU, j = 1, 2, 3, 4, is the same as that of the corresponding

block in

F'ru

0
CF'XX

0

Similarly, for the size of G'XJ, j = 1, 2, 3, 4. Then comparing the corresponding

blocks in

F'rll

0
CF'XX

0

(G'xx    G'XXD   0   0) =

F'ru

F'2l

F'u

PÁi

(G'xx    G'X2    G'X3    G'X4)

we get the result by observing that F'xx and G'xx are not zero divisors.

(a4) Follows from (a,)-(a3) and Theorem 3.

(b) Recall that if A = FG is a rank factorization of A then A* exists if and only if

(GF)~X exists [4]. In this case A* = F(GF)~2G. A straightforward computation

then yields A9 = p(A) where (GF)~X = p(GF).

Remark 2. Theorem 3 along with Theorem 4(a3) characterizes all the nonnega-

tive rank factorizations of a nonnegative matrix with nonnegative group inverse.
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Remark 3. Another proof of Theorem 4(a4) can be given on the same lines as the

proof for the special case when p(A) = A given by Berman and Plemmons [3].

However, the purpose of Theorem 4 is to characterize all nonnegative rank

factorizations of nonnegative matrices A with A* > 0, and (a4) comes out as an

offshoot.
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